In this paper, we present a series of analytic expressions to predict the beam dynamics in a long linear accelerator. These expressions can beused to model the linac optics, calculate the magnitude of the wake elds, estimate the emittance dilution due to misaligned accelerator components, and estimate the stability and jitter limitations. The analytic expressions are based on the results of simple physics models and are useful to understand the parameter sensitivities. They are also useful when using simple codes or spreadsheets to optimize a linac system. August 16, 2000 In this paper, we present a series of analytic expressions to predict the beam dynamics in a long linear accelerator. These expressions can be used to model the linac optics, calculate the magnitude of the wake elds, estimate the emittance dilution due to misaligned accelerator components, and estimate the stability and jitter limitations. The analytic expressions are based on the results of simple physics models and are useful to understand the parameter sensitivities. They are also useful when using simple codes or spreadsheets to optimize a linac system.
I. INTRODUCTION
At the present t i m e a n umber of high performance linear accelerators are being designed for short wavelength FELs 1,2 , future linear colliders 3 7 , or as injectors for storage rings 8, 9 . In this paper, we will present a number of relatively simple formula to parameterize such systems. In particular, we present formula to model the optics, estimate the transverse and longitudinal wake elds, and estimate the emittance dilution and stability in high-energy linear accelerators. The utility of these relations is to allow rapid calculation of the primary parameters and estimate the performance of such a system. In addition, the analytic results explicitly illustrate the parameter sensitivities and thus can be a useful tool when understanding the optimization of the accelerators.
Although our results are more general, the derivations of the expressions essentially follow those in Refs. 10 12 and, for brevity, will not be presented here. We will however provide extensive references pointing to detailed derivations and extensions of the concepts discussed and modeled. Throughout, we will assume ultra-relativistic particles with 1 and will only brie y consider the e ect of space charge forces. Our estimates assume random distributions of errors and include the e ect of simple trajectory correction. Usually, the calculations are based on simple two particle models and, it should be noted, these expressions are not intended to yield 10 results|that accuracy must be obtained with detailed computer simulation calculations. Instead, these expressions typically produce answers that are within a factor of two of those from computer simulation and, more importantly, describe the dependence on the primary parameters. Another recent calculation is described in Ref. 13 which provides more accurate expressions for a limited set of e ects and parameters.
In the following, we will present the relevant equations of motion. Then, we describe a parameterization of the longitudinal and transverse wake elds and discuss the BNS damping autophasing conditions which are used to control the single-bunch beam break-up bbu. Next, we will present estimates for the primary sources of single-and then multi-bunch emittance dilution. This is followed by a description of the jitter and stability issues. Finally, w e discuss the probability distribution for the emittance dilutions and then describe some of the more advanced correction techniques. Throughout the paper, we will illustrate many of the calculations with examples from the Stanford Linear Collider SLC 14 linac and the Next Linear Collider NLC linac 3 .
II. EQUATIONS OF MOTION
In a high-energy linear accelerator, the longitudinal beam distribution is essentially frozen. In this case, the energy 1 where s and z are the longitudinal position in the accelerator and in the bunch, E rf and rf are the acceleration gradient and the rf wavenumber, and is the rf phase at the center of the bunch. In addition, W k and are the monopole longitudinal wake eld and the longitudinal beam distribution where W k has units of V = C = m .Finally, N, r e , and 0 are the number of particles per bunch, the classical electron radius, and the permittivity of free space: 0 = 8 : 85 10 ,12 F = m .Note that in this de nition, the bunch is centered at z = 0 and the head of the bunch i s a t positive z.
Of course, this equation is only correct if the slippage of a particle in the bunch is small compared to the bunch length. The actual slippage of a particle depends on both the energy deviation and on its transverse oscillation amplitude:
where is the transverse beta function, is the energy deviation, and J is the particle action: In these expressions, we h a v e ignore the space charge forces due to the mutual repulsion of the particles. At high energy, these forces are usually very small compared to the other e ects however, for completeness, we can estimate their magnitude. In the longitudinal, the space charge force should be compared to the variation of the rf acceleration and the wake elds. Assuming a uniform beam, it can be estimated as: where sc is the full width of the induced energy spread. In the transverse, the space charge forces should be compared with the external focusing. This can be parameterized in terms of the depression of the betatron phase advance: In both the longitudinal and transverse, the space charge forces tend to be small at high energy. This arises, in the longitudinal plane, because of the Lorentz contraction and, in the transverse plane, because of the cancellation of the electric and magnetic forces in a parallel beam. When the beam is converging or diverging this 1= 2 reduction is replaced by a term that depends on the square of the angular divergence and the space charge forces can be more important 15 .
III. BEAM EMITTANCE
Throughout this paper, we will discuss the projected 2-D rms normalized emittance, de ned as: y = p h y 2 i , h y i 2 hy 0 2 i , h y 0 i 2 , h yy 0 i , h y ihy 0 i 2 10 where the angle brackets denote an average over the beam particles. Dilutions of this emittance will arise due to changes in the particle positions or angles. Dropping the explicit centroid subtraction and assuming at all averages are calculated about the centroid, the resulting emittance can be written: 2 y = 2 , 2 y +h y 2 i 2 y 0 + hy 0 2 i , yy 0 +hyy 0 i 2 11 where 2 y = hy 2 i, ..., and we assumed that there are no correlations between the errors and the individual particle positions and angles within the beam. We will further assume that hyy 0 i 2 = hy 2 ihy 0 2 i which occurs because either the error is correlated in y and y 0 or the error only causes a change in position or angle but not both simultaneously.
Both of these assumptions are valid for all of the errors that we will discuss.
In this case, we can express the emittance as: and when the beam is matched to the lattice; the beam and lattice parameters will be discussed further in Section VIIIA.
Note that adds linearly to the projected emittance when the dilutions are small but has a more complicated dependence in general. However, assuming that the beam is initially matched to the lattice, after the emittance is diluted, the beam will be mismatched and thus the emittance dilution will lament. After lamentation, the nal rms emittance is given by the linear addition of the initial emittance and the dilution 16 : = 0 + 14 although the beam distribution will also evolve; lamentation will also be discussed in Section VIII A.
IV. LINAC MODEL
In the calculations that follow, we will assume that the horizontal and vertical focusing strengths are equal and the focusing structure of the linac scales in a simple manner with the beam energy. In particular, we assume that the linac is constructed from FODO cells whose length increases with beam energy as L cell s s . Furthermore, we assume that the quadrupole focal length scales in the same manner|this keeps the phase advance per cell constant and causes the beta functions to scale with the cell length. Thus, L cell s s K L q s s , s s cell s const :
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This scaling is convenient because it allows straightforward calculation of the optical functions. Assuming thin quadrupoles, which are short compared to the cell length, the integrated quadrupole strength can be expressed in terms of the cell length and the phase advance: lim =1
x , 1 1 , = lnx :
21
In some cases, independent variation of the cell length and focal length has been included in the linac lattice parameterization 17 . This has the e ect of causing the phase advance per cell to change as a function of energy, but since this variation is typically small, it can usually be ignored in the dilution estimates. Finally, the actual lattices that have been developed are constrained by the accelerator structure length and modularity and thus the lattice tends to change in steps. Regardless, this simple parameterization can model most lattices quite well. As an example, the horizontal -function for the NLC linac is plotted in Fig. 1 . The NLC linac is designed to accelerate the beams from 8 GeV to 500 GeV. The lattice consists of roughly 350 FODO cells with roughly equal horizontal and vertical focusing and is well parameterized with = 0 : 33 and i = 8 .
V. WAKEFIELDS
Wake elds arise when the electro-magnetic eld of a charged particle beam interacts with the surrounding vacuum chamber and then act back on the beam itself. Assuming an ultra-relativistic beam, the elds generated by a particle can only a ect the trailing particles. It is important to note that the 'wake eld' is not the instantaneous force seen by a beam but is an integrated quantity describing the net e ect of the induced elds assuming that the beam trajectory is unperturbed. In a periodic structure, the integration length is that of the structure periodicity while, in an aperiodic structure, the integration length extends to in nity.
This causes a signi cant di erence in the high frequency behavior of the wake elds due to a single cavity and that from an in nitely periodic structure. This di erence can be important for bunches short compared to the cavity iris radius. In particular, for short bunches, the longitudinal and transverse wake eld of a periodic structure are constant and linear in distance z, while those for a single cell scale as 1= p z and p z, respectively.
The transition from the single cavity regime to the periodic structure occurs after a 3 p = 3=2
z L 3=2 cells, where a is the iris radius and L is the length of a cell 18, 19 . In most cases of interest, the bunch is su ciently long that wake eld more closely resembles that of an in nitely period structure than that due to a single cavity; this is even true in the TESLA FEL linac where the bunch i s v ery short compared to the cavity radius 20 .
Thus, to estimate the wake elds, we will use a parameterization for a periodic structure, similar to that described in Ref. 21 , which is based on the theoretical short-range dependence plus an empirical term to describe the behavior at longer distances: It should be noted that with short bunches the transverse kick-factor for a periodic structure scale as z |this is reduced for longer bunches because of the curvature of the wake eld and is sometimes approximated as p z . There are a number of more complex parameterizations 22 24 but these models have been veri ed to yield good results over the range s a=4 and 0:1 a= 0:2. As an example, the short range longitudinal and transverse wake elds in the NLC linac are plotted in Fig. 2 along with the approximation of Eqs. 22 and 23; the NLC accelerator structures operate at 11.424 GHz where a= = 0 : 18 and = 2 : 625 cm.
The long-range longitudinal and transverse wake elds are dominated by the fundamental monopole and dipole modes. The amplitude of the wake elds scale as:
however both have complicated dependences on other details of the cavity design. A full parameterization of the long-range wake elds is beyond the scope of this paper. However, we note that, when considering a multibunch beam, compensation of the long-range longitudinal wake eld, referred to as beam loading, is an essential part of the accelerator design and thus, in the remainder of this paper, we will assume that the loading is compensated with a residual rms energy error of L R . Similarly, reduction of the long-range transverse wake eld is usually essential to prevent the multi-bunch beam breakup BBU instability and, in the remainder of this paper, we will assume that multi-bunch BBU is not a limitation. Given these assumptions, we will describe the e ects of the long-range wake elds on the projected beam emittance in Section IX.
VI. LONGITUDINAL PHASE SPACE
The single bunch longitudinal phase space is determined by the rf acceleration and the short-range longitudinal wake elds. If the longitudinal wake elds are signi cant, typically the rf phase is chosen to partially cancel the correlated energy spread that is introduced. Control of this correlated energy spread is usually needed for BNS damping|discussed in the next section|and to provide a beam that is within the acceptance of the downstream application.
Because the short-range longitudinal wake eld decreases with distance, the energy spread introduced by the longitudinal wake elds tends to be larger for shorter bunches. In contrast, the compensating energy spread that can be generated by running o -crest of the accelerating rf is roughly proportional to the bunch length. This sets a limit on the minimum bunch length for a given maximum rf phase o set and maximum nal energy spread. Using a simple uniform beam model with a length of 2:35 z , w e can estimate the residual rms energy spread after compensation. In Eq. 25, the rst term is the energy spread induced by the wake eld while the second is the e ect of the rf acceleration. Here, the length 2:35 z is chosen to t the limiting behavior at large rf phase angles and W k is the weighted average of the longitudinal wake eld over the 1:17 z and can be well approximated as:
Finally, the imaginary coe cient 1 + 0 : 25i is t to the results of simulations and approximates the minimum rms energy spread attainable with a Gaussian bunch. In Fig. 3 , we compare the rms energy spread calculated from simulation in the NLC and SLC linacs with the results of Eq. 25. In the NLC linac, the bunch consists of N = 1 10 10 particles and the bunch length is z = 140 m while, in the SLC linac, bunch consists of N = 3 10 10 particles and the bunch length is z = 1 mm. In both cases, Eq. 25 agrees well with the results of the simulations and accurately predicts the location of the minimum energy spread at the level of a few degrees.
In Fig. 4 , the longitudinal phase space at the end of the NLC linac is plotted assuming that the rf is phased for on-crest operation and 10 and 20 o -crest to partially compensate the short-range longitudinal wake eld. Note that at an rf phase of 20 , the core of the beam has a narrow energy spread but the beam also has signi cant o -energy tails. In contrast, the total energy spread and, as can be seen in Fig. 3 , the rms energy spread are smaller at an rf phase of 10 . Since the increased rf phase angle also decreases the acceleration, the optimal phase angle is usually chosen to minimize the full width of the distribution and is accurately estimated by setting the real part of Eq. 25 to zero.
Finally, w e should note that there are other techniques of reducing the energy spread introduced by the longitudinal wake eld instead of simply adjusting the average rf phase. One example is to shape the longitudinal beam distribution 25 ; this technique has been used in the SLC linac to reduce the energy spread by a factor of 2 3 26 . Another approach is to rotate the bunch in longitudinal space by more than 90 degrees part way through linac. This ips the sign of the energy correlation and then the longitudinal wake eld can remove the energy spread that it had previously introduced 27 ; this technique allows control of the energy spread of very short bunches where the rf phase has little e ect.
VII. BNS DAMPING AND AUTOPHASING
If the beam performs a coherent betatron oscillation without compensation of the short-range dipole wake eld, the wake elds induced by the head of the bunch will resonantly drive the tail of the bunch. This leads to emittance dilution and ampli cation of the incoming trajectory jitter known as single-bunch beam break-up bbu 28 .
BNS damping 29 is a technique of controlling the single-bunch beam break-up due to the transverse wake elds by generating a focusing variation along the bunch which can be implemented using RF quadrupoles 30 or by adding a correlated energy deviation along the bunch a s w as originally proposed. The BNS technique has been studied by many authors using both analytic techniques 31 33 as well as computer simulation. Empirically, BNS damping can be separated into four regions: lamentation where the correlated energy spread is so large that the coherent oscillation rapidly decoheres with a corresponding increase in the beam emittance; the break-up region where the transverse wake elds dominate;`autophasing' 34 where the wake eld is exactly compensated by the correlated energy spread and the coherent oscillation propagates without emittance dilution; and, the damping region where the wake eld acts to damp the oscillation without a corresponding increase in emittance. This is illustrated in Fig. 5 where the rms emittance growth is plotted versus the correlated rms energy spread in units of that needed for perfect autophasing. The emittance dilution is calculated for a bunch h a ving an initial o set equal to p 2= after the rst 10 of the NLC linac, a distance of roughly 1 km. Note that when the energy spread is equal to the autophasing energy spread, the emittance growth goes to zero, but when the energy spread is large, the initial oscillation laments phase mixes leading to a unit increase in the beam emittance lamentation is discussed in Section VIII A.
The autophasing condition for a rigid o set of a bunch can be immediately derived from Eq. 4. The goal is to choose z so that the chromatic behavior of the quadrupoles compensates the e ect of the wake eld. In the smooth approximation, where both K and W ? are constant o r s l o wly varying, exact cancellation is possible: ; the head of the bunch is to the left note the nonlinear correlation which is di cult to generate. Unfortunately, the nonlinear variation in the desired autophasing energy spread is di cult to generate with the longitudinal wake elds and the rf phase; for an example of the typical longitudinal phase space, see Fig. 4 . Furthermore, in the more realistic case of a strong focusing lattice, the autophasing condition does not provide local compensation of the wake eld although it can still cancel the e ect of the transverse wake eld when averaged over a coherent betatron oscillation. In this case, an approximate autophasing condition, which describes the variation of the correlated energy deviation per z about the bunch center, can be estimated: where is de ned in Eq. 18. Note that auto is a monotonically decreasing function of the phase advance per cell between 0 and 180 which is one reason to choose a relatively large phase advance per cell. In addition, assuming the linac scaling described earlier, the energy spread required for autophasing scales as 2 ,1 and is constant along the linac for = 0 : 5.
This autophasing condition provides a useful measure of the importance of the wake elds on the beam dynamics in the linac. In particular, the wake eld strength parameter de ned in Ref. 28 , is proportional to auto times the chromaticity of the linac and, as will be seen in Sec. VIII B, auto can be used to parameterize the emittance dilution. In the NLC linac, Eq. 28 speci es and energy variation of 1.9 per z at the beginning of the linac this is roughly twice the variation seen in Fig. 4 at an rf phase of 0 . In contrast, the autophasing energy spread for the SLC linac was roughly 4.5 per z despite the much w eaker wake elds; the di erence arises because of the smaller bunch c harge and shorter bunches as well as the stronger focusing in the NLC linac.
Finally, we should note that this autophasing condition was derived for a rigid o set of the bunch. A similar condition can be found for a bunch o set generated by a misaligned accelerator section. Here, the o set of the bunch is a function of z, the longitudinal position within the bunch. In this case, the`autophasing' condition, i.e., the condition to preserve this x-z correlation as the bunch propagates down the linac, is roughly 1 6 the magnitude of that for a rigid o set 35 .
VIII. SINGLE-BUNCH EMITTANCE DILUTIONS
At this point, we can discuss the primary sources of emittance dilution. In doing so, we will assume that the beam is close to the autophasing condition and thus the propagation of a betatron oscillation can be described with the design optical functions which is not case when far from the autophasing condition 36 .
The primary sources of dilution are transverse wake elds, dispersive errors, and betatron coupling; we will also present estimates for the e ect of RF de ections and beam-gas scattering. With the exception of the beam-gas scattering and, at very high energy, incoherent synchrotron radiation, all of the dilutions encountered in a linac are conservative dilutions. A conservative emittance dilution arises when the transverse or longitudinal degrees of freedom become coupled. In this case, the six-dimensional emittance is conserved but the projected emittances, which are frequently the relevant v alues, are increased. Speci cally, the principal sources of dilution and the couplings are 37 :
Transverse wake elds | z ! y;y 0 Dispersive errors | ! y;y 0 Betatron coupling | x; x 0 ! y;y 0 RF de ections | z ! y;y 0 It can easily be shown that coupling of two planes always increases the smaller of the two projected emittances from the uncoupled value. However, because the emittance dilutions are conservative, they can be corrected provided the dilution has not lamented phase mixed. For example, emittance correction techniques were used in the SLC to reduce the emittance dilution from 1000 to about 100 38 .
The e ectiveness of the emittance correction techniques will be discussed in Section XII when we discuss the e ect of more complex correction techniques. However, in this section, we will calculate the dilutions assuming 1-to-1 trajectory correction where the beam trajectory is corrected to minimize the readings of Beam Position Monitors BPMs located either all the quadrupoles or just at the focusing quadrupoles. These dilutions are sometimes referred to as`bare machine dilutions' since minimal correction has been applied.
A. Injection Errors and Filamentation
The rst dilutions to consider are those due to injection errors. If the beam is injected with a trajectory error, it will perform a betatron oscillation along the linac. Provided the beam is close to the autophasing condition, the e ect of the transverse wake elds will be minimal. However, if the injected beam has an uncorrelated energy spread, it will start to` lament' because of the chromatic dependence of the phase advance the degree of lamentation depends upon the magnitude of the energy spread and the chromaticity of the lattice which is given in Eq. 19. Alternately, if the magnitude of the correlated energy spread is much greater than the autophasing energy spread, the beam will also lament as described in Section VII. In either case, the betatron oscillation will decohere and the projected emittance of the beam will increase.
The emittance dilution due to the lamented injection trajectory error can be expressed as 39 : Finally, another similar e ect will arise if the beam is injected with a betatron mismatch|it should be noted that a long linac has well de ned quasi-periodic`natural' lattice functions, similar to a storage ring, where the optical Fig. 7 where a beam with a betatron mismatch o f ? = 2 and a 1 energy spread is injected into a 100 cell FODO lattice, similar to the lattice of the NLC linac. The beam rapidly laments leading to emittance dilution solid while the parameters describing the beam ellipse ? and ? approach the lattice parameters. The ? dashes is plotted at the focusing quadrupoles where = 1 0 m .
This is illustrated in
Note that although Eqs. 29 and 30 describe the evolution of the beam rms emittance, the beam distribution will also evolve during the lamentation process. For example, if a gaussian beam is injected with a trajectory error which subsequently laments, the resulting distribution could be symmetric but hollow, i.e. having a minimum on axis 39 . Alternately, if a betatron mismatch laments, the resulting distribution becomes much more sharply peaked 41,42 .
B. Trajectory Misalignments
Next, we will consider the dilutions due to a corrected trajectory. The trajectory errors will have two e ects: the o sets in the quadrupoles will generate anomalous dispersion and the o sets in the accelerator structures will cause wake eld de ections. These dilutions will depend on the rms misalignment of the elements about a`smoothed' alignment path. This arises because only errors with wavelengths comparable to the betatron wavelength have a signi cant e ect on the beam emittance; this is illustrated in Fig. 8 where we have plotted the dispersion arising after steering the beam to BPMs which h a v e a periodic misalignment. At w a v elengths much longer than the betatron wavelength, the dispersion decreases inversely with the square of the wavelength; the results are analogous for dilutions due to wake elds. In this section, we will assume that the accelerator structures are aligned properly and only the BPMs and quadrupoles are misaligned relative to the smooth ducial. Thus, the trajectory is de ected with either quadrupole movers or dipole correctors to follow the BPM misalignments and the trajectory will be o set in the accelerator structures and quadrupoles. We will further assume that the beam is close to the autophasing condition. In this case, the emittance dilution will be due to three di erent e ects:
1. dispersive errors due to a constant energy spread which might arise from improper beam loading compensation or deviations from the ideal autophasing energy spread, 2. dispersive errors due to an injected energy spread which adiabatically damps as the beam is accelerated, 3. dispersive errors due to the autophasing energy spread and wake elds due to the o sets in the accelerator structures, the two of which partially cancel each other. We will consider two di erent correction schemes:`1-to-1' trajectory correction where the trajectory is corrected to minimize the readings of Beam Position Monitors BPMs located at all of the quadrupoles and`1-to-1' correction where the trajectory is corrected to minimize the BPM reading only at the focusing quadrupoles. More complicated trajectory correction algorithms are described in Section XII.
First, consider the case where the trajectory is corrected to minimize the BPM readings at every quadrupole. Assuming that the beam is close to the autophasing condition, the emittance dilution due to dispersion from a constant energy spread c is where the subscripts i and f are used to denote initial and nal, and the value at = 1 is given by the limit:
lim =1 where y QD is the misalignment of the defocusing quadrupoles.
Next, we can consider the e ect of an initial uncorrelated energy spread which will adiabatically damp as 1= while beam is accelerated. In this case, assuming that the trajectory is corrected to zero BPMs at the focusing quadrupoles, the emittance dilution due to dispersion will be: where 0 is the injected energy spread. One can nd the expression for correcting at all of the quadrupoles by dividing by the factor in Eq. 35 and the e ect of misalignments of the defocusing quadrupoles is given by Eq. 36. Finally, w e can consider the e ect of the autophasing energy spread and the wake elds. The autophasing energy spread is chosen to eliminate the emittance dilution due to a coherent betatron oscillation however the cancellation between the dispersive e ects and the wake elds will not be perfect for a corrected trajectory where the beam is steered to follow the BPM misalignments. As discussed in Section VII, the ideal autophasing energy spread scales as 2 ,1 when the beam is accelerated. Assuming that this condition is maintained and assuming that the trajectory is corrected to zero BPMs at all the quadrupoles, the expected emittance dilution will be: Note that when = 1 2 and the autophasing energy spread is constant along the linac, Eq. 38 has a form similar to Eq. 32 but tends to be smaller due to the cancellation of the dispersive errors by the wake eld kicks.
A similar expression can be found when only correcting to zero the BPM's at the focusing quadrupoles, except, in this case, the phase advance factor f is: where the rst factor is the same as that found before, Eq. 35, and the term within the square brackets has a behavior similar to Eq. 39 but is smaller at low phase advance and larger at high phase advance. In both Eqs. 39 and 40, the complicated dependence on the phase advance arises from the di erent sensitivities of the dispersive and the wake eld terms. In both cases, the phase advance factor f becomes large when psi = 0 or 180 where the wake eld or dispersive terms dominate. When correcting at all the quadrupoles, the factor f is a minimum at roughly 160 per cell while, when correcting at just the focusing magnets, the factor f is a minimum at roughly 100 per cell.
C. Accelerator Structure Misalignments
The next dilution to consider is that due to accelerator structure misalignments. Like the BPM errors just discussed, we assume that the errors are random about a smoothed trajectory. In this case, the emittance dilution can be estimated as:
where L acc is the length of the accelerator structures and is assumed to be constant along the length of the linac and all other quantities have been de ned. Equation 41 assumes that the alignment of the individual structures is purely random. A related dilution will occur if all the structures between a pair of quadrupoles have a systematic misalignment; such an error would likely occur when mechanically aligning the structures since the quadrupoles frequently provide the reference for the alignment. In this case, the dilution can be estimated as: Note that this expression is similar in form to that due to trajectory o sets Eq. 32. In general, this dilution is substantially greater than that due to purely random errors because more structures are contributing.
D. Betatron Coupling
In future linear colliders, the vertical emittance is typically much smaller than the horizontal and thus there are tight tolerances on the allowable skew quadrupole elds. Assuming purely random errors, the emittance dilution is 12
where e K is the normalized skew quadrupole gradient and K 1 is the normalized quadrupole gradient. In the case of quadrupole roll errors, the skew eld is equal to e K = 2 q K 1 .
Similarly, assuming systematic errors, the dilution can be found to be where the subscripts QD and QF are used to denote the skew components of the focusing and defocusing quadrupoles and c = xc , yc is the di erence between the horizontal and vertical phase advances per cell. Note that the dilution is proportional to N 2 cell when the phase advance di erence is small c 2=N cell and thus it is standard to split the horizontal and vertical phase advances by a few degrees per cell. Also note that the dilution depends on the sum of the skew component at the focusing and defocusing quadrupoles. Thus, if all elements have the same error, i.e., the same roll or same pole error, the dilution will be small because the errors cancel.
E. RF De ections
RF de ections arise if the time varying acceleration eld is not oriented in the direction of beam propagation; the misalignment can be due to a misaligned accelerator structure, an angular trajectory through a structure, or asymmetries in a structure such as tilted irises or the couplers. In addition to de ecting the beam, the RF de ections will increase the projected emittance by causing a de ection that is a function of the longitudinal position in the bunch. This emittance dilution is
where rf is the rf wavenumber and g is the longitudinal-transverse coupling of the de ection which is approximately:
acc =2 structure misalignment tra =2 trajectory misalignment iris tilted irises : 46 
F. Beam-Gas Scattering
Beam-gas scattering is rarely an issue for the emittance in a linac|instead, the primary e ect is to contribute to a halo of large amplitude particles which m a y cause background or radiation problems. The increase in the rms emittance can be estimated n gas where Z is the atomic number of the gas and n gas is the density of the residual gas which, at 20 C, is about n gas 3:22 10 22 n mol P m ,3 . Here, n mol is the number of atoms per molecule of gas and P is the vacuum pressure in torr.
As stated, this emittance growth is usually dominated by the large amplitude scattering which creates a halo about the beam. The number of particles scattered out to an amplitude greater than k times the rms beam size can be 
IX. MULTI-BUNCH EMITTANCE DILUTIONS
Like the single-bunch beam break-up, the multi-bunch bbu 43,44,32 leads to an ampli cation of the incoming trajectory jitter which can make operation of the linac virtually impossible. There are techniques, similar to BNS damping, that can reduce the sensitivity to the multi-bunch bbu 47,48 however, the magnitude of the wake elds are such that, frequently, the only viable solution appears to be direct reduction of the long-range transverse wake eld.
When the wake eld is rapidly decaying, one can obtain an estimate of the multi-bunch bbu by assuming that the wake eld only extends to the immediately following bunch 45 . In this case, the criterion for little or no blowup is: Most long linacs operate in this regime where the multi-bunch bbu is small just like most linacs operate close to the autophasing condition. In such a situation, one can estimate the increase in projected emittance due to misaligned accelerator structures and a corrected trajectory in a manner very similar to that for the single bunch case. The primary di erence is that we h a v e to replace the short-range transverse wake eld with the rms`sum' wake eld 46 . The`sum' wake eld is the sum of the wake elds from the preceding bunches at a bunch location assuming all bunches have the same o set: Similarly, if the beam loading due to the long-range longitudinal wake eld is not perfectly compensated, there will be an energy deviation from bunch-to-bunch. Given such an rms spread in energies, the projected emittance dilution can be estimated from the expressions given in Section VIII B.
X. COMPONENT MOTION: JITTER AND STABILITY
There are three issues that need to be considered when discussing the stability of the beam: jitter where the beam trajectory changes from pulse-to-pulse, emittance degradation due to shifts in the position of the accelerator components, and the degradation of the diagnostic resolution that arises from the beam centroid jitter which can lead to poor convergence of tuning or correction procedures. In the following, we consider the rst two issues; the third depends upon the diagnostic design and the operational procedures and is di cult to evaluate without substantial operational experience and or detailed computer simulation.
There many sources of vibration that can cause the accelerator components to move including the natural seismic motion of the earth as well as man-made cultural noise. The ground motion and vibration can be divided into three regimes: high frequency f 10 Hz where there is little or no spatial correlation of the vibration, the intermediate regime where the lower frequency ground motion tends to be relatively well correlated 10 Hz f 0:1 Hz and slow uncorrelated motion of components which can be described with the`ATL' relation 50 ; the ATL relation states that after a time T, the relative motion of two points, separated by a distance L, is equal to hy 2 i = A ? T ? L .
In general, the e ect of the ground vibration must be described with a 2-D power spectrum P!;kwhich is a function of both the frequency content a s w ell the spatial correlation of the ground motion 49 . Now, the motion of the beam at a point can be described by
where Gk is the spatial response function for the focusing lattice and F! is the temporal response of the feedback systems. Finally, the growth of the beam spot size can be evaluated in a similar manner except the spatial response function G is now that for the spot size rather than the beam centroid.
Unfortunately, evaluating Eq. 52 usually requires detailed computer calculation. Regardless, one can obtain straight-forward estimates of the e ect of the two limiting extremes: uncorrelated high-frequency jitter and the slow ATL motion. The high-frequency motion will cause jitter of the beam centroid while the ATL-drifts primarily result in an increase in the beam emittance since the actual motion of the centroid can be compensated with beam-based feedback systems. where e is the rms deviation from the autophasing energy spread. Typically, e is 20 30 of auto since the energy variation along the bunch, induced by the rf and longitudinal wake eld, usually does not exactly match the desired form unless the bunch c harge distribution is specially shaped. Finally, note that when = 0 this expression is similar to that derived in Ref. 51 although the detailed dependence on the phase advance di ers slightly.
XI. DISTRIBUTIONS
The preceding estimates have been for the`expected' emittance dilution due to a random distribution of errors. Of course, for any speci c set of errors the dilution can deviate from the expected value signi cantly and thus we need to understand the distribution function for the emittance dilution.
Assuming a Gaussian distribution of errors which cause a single dominant form of dilution, such as accelerator structure misalignments causing emittance dilution due to the transverse wake elds, the dilution will have an exponential distribution 12 :
Here, is the expected dilution that could, for example, be calculated from Eq. 41. Strictly, the exponential distribution only arises from a Gaussian distribution of errors but, in a long linac with many errors, the Central Limit Theorem applies and one nds an exponential distribution for the emittance dilution regardless of the detailed distribution function for the errors.
The exponential distribution has a long large amplitude tail, implying that there is a signi cant probability that any speci c set of errors will cause a dilution much larger than the expected dilution. More precisely, with an exponential distribution, there is a 5 probability that any speci c case will exceed three times the expected value. These large dilutions arise when the errors add in phase at the betatron frequency. Fortunately, as will be discussed in the next section, this situation is very easy to measure and correct with slightly more advanced correction techniques. The distribution of dilutions from 1100 di erent sets of random errors in the NLC linac is plotted in Fig. 9 . Here, 10 m random misalignments of the accelerator structures increases, on average, the vertical emittance from y = 310 ,8 m-rad to 4:07 10 ,8 m-rad. However, as is evident in the histogram, the distribution is well approximated with an exponential and there is signi cant possibility that any speci c set of errors will have a m uch larger e ect.
Finally, if there are N forms of emittance dilution that are all contributing to the total dilution with equal magnitude, the distribution function for the emittance is described with a -squared distribution with 2N degrees-of-freedom. For example, a total emittance dilution of 50 would have a -squared distribution with 4-d.o.f. if it consisted of 25 dilution due to transverse wake elds and 25 dilution due to betatron coupling. As the number of degrees-of-freedom increases, the probability o f h a ving an emittance much larger than the expected value decreases. Unfortunately, i t i s di cult to nd closed-form solutions for the distribution function in the general case where many forms of dilution contribute with di erent magnitudes but usually there are only one or two dominate e ects and the situation can be closely approximated with an exponential -squared with 2-d.o.f. or -squared with 4 d.o.f. distribution.
XII. ADVANCED CORRECTION TECHNIQUES
At this time, a number of more advanced techniques have been developed or proposed to reduce the emittance dilution from the residual errors. The most straightforward technique is to use` -bumps'. Here, the measured beam emittance is minimized by adjusting some dilution source upstream of the measurement point. For example, one can reduce the dilution due to the transverse wake elds by appropriately misaligning a few accelerator structures. Such techniques are referred to as`non-local' correction because the sources of dilution are not reduced, but instead, additional dilutions are added to cancel the e ect of the others.
The -bump technique is routinely used at the Stanford Linear Collider SLC to reduce the emittance dilutions by substantial factors, as much as an order of magnitude 38 . Some of the di culties with the non-local correction techniques are: 1 the beam emittance and tails need to be measured accurately to minimize the dilution, 2 multiple measurement stations may be needed to prevent the dilutions from lamenting, and 3 because the technique cancels the errors by adding another error, it is sensitive to small changes in betatron phase advance that can arise from changes in the quadrupole strengths or energy pro le; this results in large uctuations in the beam emittance at the SLC over a time scale of hours.
Other`local' correction techniques usually try to measure and correct the emittance dilution sources locally. Typically, this is done by measuring the di erence of two, or more, trajectories while some parameter is varied. For example, to align the quadrupoles, one can measure the trajectory while changing the quadrupole power supplies 52 56 or, to measure the accelerator structure misalignments, one can vary the bunch c harge or length 35,57 . In all cases, the best alignment that can be attained is limited by the BPM or diagnostic precision and is roughly independent of the magnitude of the misalignments. Although it is di cult to make simple estimates for the e ectiveness of these techniques, there are analytic approaches that can be used 58,51 . Regardless, the best method of evaluation other than experiment is detailed computer simulation which include many of the systematic errors that exist in a real accelerator. This is important because the techniques frequently rely on measuring small di erences in the beam trajectory and can be very sensitive t o m undane e ects like beam jitter or power supply uctuations. Finally, one of the other di culties with these approaches is that the beam emittance is not actually measured and, instead, the dilution sources are inferred from other measurements|thus, it is desirable to include emittance diagnostic stations and use non-local correction to remove a n y residual dilutions.
XIII. SUMMARY
In this paper, we have described a number of analytic expressions to estimate: the focusing structure in a long linear accelerator, 2 the wake elds and the longitudinal phase space, and 3 the emittance dilutions and jitter sensitivity in a high energy linac. Such expressions provide a valuable tool for performing quick guides to design and performance. In addition, the expressions can be used to highlight the parameter dependence of the various terms and understand the results of more complex computer simulations.
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